Wrinkles commonly develop in a thin film deposited on a soft elastomer substrate when the film is subject to compression. Motivated by recent experiments [Agrawal et al., Soft Matter 8, 7138 (2012)] that show how wrinkle morphology can be controlled by using a nematic elastomer substrate, we develop the theory of small-amplitude wrinkles of an isotropic film atop a nematic elastomer. The directors of the nematic elastomer are assumed to lie in a plane parallel to the plane of the undeformed film. For uniaxial compression of the film along the direction perpendicular to the elastomer directors, the system behaves as a compressed film on an isotropic substrate. When the uniaxial compression is along the direction of nematic order, we find that the soft elasticity characteristic of liquid crystal elastomers leads to a critical stress for wrinkling which is very small compared to the case of an isotropic substrate. We also determine the wavelength of the wrinkles at the critical stress, and show how the critical stress and wavelength depend on substrate depth and the anisotropy of the polymer chains in the nematic elastomer.
I. INTRODUCTION
Wrinkles are easily created by compressing a thin film that coats an elastic substrate that is more compliant than the film [1] . Since wrinkle patterns can have micronscale periodicities, wrinkling is a promising phenomenon to exploit for many technological applications, such as diffraction gratings [2] , dynamically tunable optical devices [3] , and smart adhesives [4] . A requirement for such applications is the ability to create ordered wrinkle patterns in a specified orientation. Some methods for creating wrinkles lead to disordered patterns. For example, wrinkles may be created by depositing a metal film on an elastomer substrate [5] . The heat of the deposition process expands the substrate and the film; upon cooling, the different thermal expansivities of the two materials leads to a biaxial compression of the film. The resulting stress is released by a wrinkle pattern in which the crests and troughs of the wrinkles form a disordered herringbone pattern [5] . Control of the orientation of the wrinkle pattern can be achieved by manipulating the topography; for example imposing a relief structure in the substrate such as an array of raised rectangles can lead to patches of one-dimensional wrinkle patterns, or, in the case of an array of steps in the substrate, a one-dimensional wrinkle pattern throughout the whole film [5] .
An alternate technique for controlling the wrinkle pattern is to use an anisotropic film or substrate. For example, single crystal SiGe films buckled on a melted glass layer tend to have undulations parallel to the two orthogonal 100 directions of the crystal film [6, 7] . The theory for wrinkling patterns of such an anisotropic crystal film on a viscoelastic substrate was studied in [8] . Another way to use anisotropy to create wrinkles with a desired orientation is to use a substrate of aligned liquid crystal polymer and cross-link the top layer of the substrate by exposing it to a plasma environment; the resulting wrinkles that form to release the stress in the cross-linked layer form parallel to the direction of the unpolymerized liquid crystal polymers in the substrate [9] . Finally, Agrawal and collaborators used a thin film atop a liquid crystal elastomer in the ordered state to create a one-dimensional pattern of wrinkles either perpendicular or parallel to the direction of order [10, 11] . The molecular order of the nematic causes an anisotropic distribution of the segments comprising the polymer chains of the elastomer, with the distribution elongated along the direction of alignment of the nematic order. Increasing the temperature reduces the nematic order, leading to a compressive stress in the film such that the wrinkles form perpendicular to the direction of molecular alignment [10] . When the temperature is decreases, nematic order increases, leading to a compressive stress perpendicular to the alignment direction via the Poisson effect and thus wrinkles with crests parallel to the direction of order.
In this paper, we develop the theory for smallamplitude wrinkles in an isotropic film on a nematic elastomer substrate, with the goal of calculating the critical compressive stress required to induce wrinkling and the wavelength of wrinkles at their onset. In section II, we review the von Karman equations for a thin film, and then briefly review the key results for small-amplitude wrinkling on an isotropic substrate. Then we introduce the elastic energy for a nematic elastomer substrate, and use this energy to calculate the critical stress and initial wrinkle wavelength in section III. Since ideal nematic elastomers exhibit soft elasticity, or nonzero deformation without energy cost [12] , we find that the critical stress for wrinkling is much smaller than the case of an isotropic elastomer substrate. In section IV, we discuss these results and compare them with the experimental findings. In the last section we conclude our analysis and discuss future directions. II. MODEL Fig. 1 shows a schematic diagram of a thin film deposited on a liquid crystal elastomer substrate. Initially the film is flat, lying in the xy-plane, with the nematic elastomer beneath it in the half-space z < 0, and with the directors aligned along the x-direction. The thicknesses of the film and the nematic elastomer substrate are h and d, respectively. The film is subject to an initial in-plane compressive strain, and we focus on a one-dimensional sinusoidal pattern of wrinkles with wavevector of magnitude q along the x-direction. Below we argue that wrinkles with a wavevector along the y direction behave as wrinkles on an isotropic substrate. First we review the von Karman equations for a thin film subject to an external normal force per unit area [13, 14] . After reviewing the case of a thin film on an isotropic substrate, we derive the equations for force and torque balance for the nematic elastomer substrate using both the ideal rubber and semi-soft models of nematic elastomers [12] .
where D =Ē f h 3 /12 is the bending modulus of the film, σ n is the external normal force per unit area exerted on the film, arising from the deformed substrate, and T α is the α component of the tangential force per unit area exerted on the film. Note that an implicit assumption of this approach is that the film thickness h is much smaller than all other lengths in the problem, such as the wrinkle wavelength 2π/q and the substrate depth d. In the experiments that motivate us [11] , h ranges from 30 nm to 400 nm, the substrate thickness d = 360 µm, and the wrinkle wavelength is observed to be range from 2 µm to 40 µm as the thickness increases. Also, in these experiments, the Young's modulus of polystyrene is E f = 3.5 GPa, and the Young's modulus of the liquid-crystal elastomer is E = 0.24 MPa [11] .
B. Scaling arguments for the critical stress and wrinkling wavenumber
Before turning to the nematic elastomer substrate, we review simple physical arguments for the critical compressive stress and wrinkle wavelength for the case of an isotropic substrate [15, 16] , using the scaling arguments of [17] . The substrate has an elastic energy
2 , leading to a normal stress σ n = −ku f z , where k is the effective stiffness of the substrate. For example, k = ρg for a liquid substrate, where ρ is the liquid density and g is the acceleration of gravity, and k = 2µq for an isotropic elastic substrate, where µ is the shear modulus of the incompressible substrate. We look for wrinkling solutions u f z = A cos qx to Eq. (6), which takes the form ∆(q)A = 0, with
To get a nonzero wrinkling amplitude A requires ∆ = 0, or, equivalently, a compressive film stress along x of
The nature of the critical compressive stress σ c , which is the minimum value of σ 0 , or the value at the onset of wrinkling, and the corresponding wavenumber q c is determined by how the stiffness k depends on q for small q. If k ∝ q n with 0 ≤ n < 2, then we can find q c by balancing the bending forces with the substrate forces, to find [17] 
Since the compressive stress in the film also leads to forces that must balance with the bending forces, we have hσ c q 2 c ∼ Dq 4 c , or a critical compressive film stress with magnitude [17] 
For example, in the case of an incompressible isotropic rubber substrate, the elastic free energy density is µε ij ε ij , where ε ij is the strain tensor of the substrate, µ = E/3 is the shear modulus for the substrate, and E is the Young's modulus of the substrate [13] . Assuming that the penetration depth for the deformation in the wrinkled substrate is 1/q leads to k ∼ Eq and
and a critical compressive film stress with magnitude
The critical wavelength is proportional to the film thickness, since in the limit of an infinitely deep substrate there are no other material length scales in the problem. Also, the critical stiffness increases when either the film stiffness or the substrate stiffness increases, but it is independent of the film thickness since again there is no other material length scale. For a thin substrate with qd ≪ 1, the constraint of incompressibility leads to a lateral deformation of the form u x ∼ u z /(qd), and thus a dominant strain of ∂ z u x ∼ u z /(qd 2 ). Balancing the substrate deformation energy with the film bending energy leads to
with a corresponding critical compressive film stress
A more detailed analysis reveals that in the thin substrate limit, the critical stress and wavenumber depend sensitively on the Possion ratio of the substrate, and therefore more care must be taken when the substrate is thin and nearly incompressible [14] . If the stiffness k ∝ q n with n ≥ 2 for small q, then we get different scaling laws. If n = 2, as we shall see below occurs in the case of a nematic elastomer with the Frank energy included, the quadratic dependence of ∆(q) on q at small q implies that q c = 0. The balance of stretching and substrate forces in this case leads to a compressive stress of magnitude
for a thick substrate. If n > 2, then q c = 0 and σ f c = 0.
C. Equilibrium conditions for the liquid crystal elastomer substrate
We consider a nematic liquid crystal elastomer with an elastic deformation described by X = x + u, from an undeformed configuration with material points at locations x to a deformed configuration with material points X, and with a deformation field u. The deformation tensor is given by λ ij = ∂X i /∂x j . The director field in the undeformed configuration is given by n 0 , and transforms to n upon the elastic deformation. Considering the polymer chains of the elastomer as random walks, the nematic order leads to an anisotropic step length tensor ℓ ij = ℓ || n i n j + ℓ ⊥ (δ ij − n i n j ), with a similar expression ℓ 0ij for the step length tensor in the undeformed configuration [12] [18] . The step length is the roughly the length over which the polymer chain can bend. Parallel and perpendicular refer to directions parallel and perpendicular to the director, respectively. We assume that the magnitude of the nematic order parameter is unchanged by the elastic deformation and thus ℓ 0|| = ℓ || , and ℓ 0⊥ = ℓ ⊥ .
For an incompressible nematic elastomer, classical rubber elasticity theory modified to account for the anisotropic step length tensor leads to the free energy density [12] ,
where µ is the shear modulus. We will study small deformations away from a relaxed equilibrium configuration with u = 0 and n = n 0 . Expanding the free energy to second order in u ij and δn = n − n 0 , and using the constraint of incompressibility
with u ij = ∂u i /∂x j , yields the free energy density to quadratic order in strain and director rotation [12] 
In Eq. (18) we have introduced the linear strain tensor of the elastomer, ε ij = (u ij + u ji )/2, the step length anisotropy ratio r = ℓ || /ℓ ⊥ (r > 1 for prolate molecules), the material rotation Ω i = (1/2)(∇ × u) i , and the director rotation ω, which is related to the change in director via δn = ω × n 0 . To this order of approximation, we make no errors writing n for n 0 in the free energy. The elastic moduli D 1 and D 2 are given in the ideal rubber theory by
2 /r and D 2 = µ(r 2 − 1)/r [12] . If we take into account semi-soft elasticity, the modulus D 1 will be modified and there can be a contribution to D 1 proportional to r − 1 [12] . For example, fluctuations in the effective order Q eff = (1 + δ)Q experienced by a polymer chain, arising from compositional fluctuations in the polymers that make up the elastomer, lead to a modulus [12] 
where
Again the subscript 0 denotes the values when the elastomer is formed, Q = (r − 1)/(r + 2) is the nematic order parameter of the nematic rubber substrate, and δ 2 represents the compositional-induced fluctuations in Q. We assume that det (ℓ 0 ) ij / det (ℓ) ij = 1, which is a good approximation for the small thermal changes. In the limit |r − 1| ≫ ra 1 , the second term in Eq. (19) can be neglected and the ideal rubber theory is sufficient to explain the elastic properties of the nematic rubber substrate. We consider this limit in the present section and discuss the role of semi-softness in Sec. III C.
The stress tensor in the elastomer is given by [13] 
Given the anisotropy induced by the director, we must be careful about the order of indices; the condition for equilibrium compatible with the convention of Eq. (21) is ∂σ ik /∂x k = 0. Carrying out the differentiation in Eq. (21) leads to a stress of the from
where p is the pressure field enforcing incompressibility (ε ii = 0 at this order) and ǫ ijk is the three-dimensional antisymmetric symbol. Note that in deriving Eq. (22), we have assumed that Ω and ω are perpendicular to the plane in which gradients in u and δn lie. Now we consider a semi-infinite liquid crystal elastomer, with the free surface lying in the xy plane; the elastomer lies in the region z < 0. When the elastomer and deposited film are cooled within the nematic phase, wrinkles appear with their ridges and troughs parallel to n 0 [10] , and the system is equivalent to the isotopic case, r = 1. The more interesting case occurs when the system is heated within the nematic phase. As the temperature increases, Q decreases and the nematic elastomer changes shape, contracting along n 0 and producing wrinkles with ridges oriented perpendicular to the director (Fig. 1) [10] . Assuming n 0 =x and translational invariance along the y direction, the stress tensor simplifies drastically:
where θ is the tilt angle of the director in the x-z plane, measured from the x direction: n = n 0 + δn =x + θẑ. The stress tensor is not symmetric because the director field can transmit torques across surfaces. Therefore, in addition to the force balance equation ∂σ ik /∂x k = 0, we must enforce torque balance, δF /δθ = 0, where F is the total energy, including the Frank nematic elastic energy [19] . While Frank elasticity is often not considered in nematic elastomers since its effects are dominated by the network elasticity and nematic-network coupling [12] , we will see below that Frank elastic plays an important role in determining the size of the region of the elastomer that gets deformed. Within the single elastic constant approximation the Frank energy density is given by
This energy density generates a contribution to the stress tensor depending on the configuration of the directors [13, 19] . Using the Ericksen formulation [19] for this contribution σ F ik to the stress tensor, we vary u and n independently and obtain
To linear order in θ the Ericksen stress does not contribute to the equations for force balance. Torque balance takes the form
Note how the torque from the directors leads to an antisymmetric part of the stress tensor: −K∇ 2 θ + (1 − r)(σ xz − σ zx ) = 0. Note also that the Frank constant introduces a new length scale, l = K/µ. Using typical values of µ ≈ 10 5 Pa and K ≈ 10 −11 N, we find that l ≈ 10 nm. Since the Frank constant is typically of the order of the square of the order parameter Q [19] , we take
where κ ≈ 10 −11 N. It is convenient to define an rindependent length scale l 0 = κ/µ; this length scale is approximately l 0 ≈ 100 nm.
III. RESULTS
In this section we solve the force and torque-balance equations for the elastomer substrate to determine the normal force per area σ n acting on the wrinkled film. We treat several cases: an ideal nematic elastomer substrate with Frank elasticity disregarded, an ideal nematic elastomer substrate with Frank elasticity included, and finally the limit of vanishing anisotropy in which semisoft elasticity becomes prominent. In all cases, once the normal force is found, we use the von Karman equations (5-6) for the thin film to determine the critical compressive film stress at which wrinkling occurs, as well as the wrinkle wavelength.
A. Ideal nematic elastomer substrate without Frank elasticity
To highlight the role of soft elasticity in the problem of wrinkling on a nematic liquid crystal elastomer, we consider the simplest case in which the nematic elastomer is ideal, and Frank elasticity is disregarded. If the elastomer is of infinite depth, then the stiffness of the substrate vanishes, k = 0. For a qualitative explanation, recall that the polymer chains of the elastomer have an ellipsoidal distribution with major axis along the local director. Since there is no entropy cost for rotating the ellipsoids, there is no free energy cost for rotating the ellipsoids to make the elastomer accommodate the wrinkle deformation of the thin film. Thus, the soft elasticity of the substrate implies that the ideal nematic elastomer effectively behaves like a liquid substrate [20] in the small-amplitude wrinkling problem.
We can examine this problem more quantitatively by considering the case of finite depth d. When K = 0, the torque balance Eq. (29) implies that the shear stresses vanish, σ zx = rσ xz = 0. Thus, the force balance equations ∂ k σ ik = 0 simplify considerably. With the boundary conditions u z (z = 0) = A cos qx and u z (z = −d) = 0, we find
Note that since the shear stress vanishes in the bulk in this idealized case, the boundary conditions at z = 0 and z = d must be σ xz = 0 instead of a condition on u x . Also, Eqn. (33) reveals that our small-amplitude expansion breaks down when r → 1.
The stiffness k can be read off from Eq. (34), or equivalently, by computing the free energy (per unit length in the y direction) from the expressions in Eqs. (31-33), which gives F S = 2µA 2 π/(qd). Therefore, the stiffness is k ∼ E/d, leading to a critical wavelength and critical compressive stress of
The critical stress in this idealized model can be made much smaller than the stress in the isotropic case by making the depth much greater than the film thickness, d ≫ h. In this limit the critical stress vanishes, as argued above.
Although this idealized model correctly captures the fact that the soft elasticity of a nematic elastomer leads to a greatly reduced critical stress for wrinkling, it also has some shortcomings. For example, it predicts that for an infinitely thick substrate, the deformation penetrates infinitely far into the bulk, since the deformation and angle field become independent of z despite being nonvanishing in this limit. In other words the penetration depth, denoted by l p , is infinite. However, the resulting bend deformation of the director field would have an infinite energy cost for any nonzero Frank constant, no matter how small. Thus, we expect the Frank constant to lead to a finite penetration depth for the deformation and director distortion. We consider the effects of the Frank constant in the next subsection. Also, the displacements and the stress in (31), (32), and (34) do not have the correct isotropic limits when r → 1, and as already pointed out, the angle field θ diverges when r → 1. This shortcoming ultimately arises from our assumption of idealized soft elasticity, and will be rectified when we discuss semi-soft elasticity below.
B. Ideal nematic elastomer substrate with Frank elasticity
Now we consider the governing equations with nonzero Frank constant. Since the substrate is taken to be incompressible, we introduce the stream function ψ such that ∇×(−ψŷ) = u. Assuming that the solution has the form
the curl of the force balance equations, ǫ ijk ∂ j ∂ l σ kl = 0, and torque balance equation, Eq. (29), take the form
where the primes denote differentiation with respect to z. Note that l = l 0 (r − 1)/(r + 2), and ql 0 ≪ 1. Assuming Ψ and Θ are proportional to exp(αz) leads to the characteristic equation for α,
(41) Excluding the solution r = 1 of Eq. (41), which corresponds to the isotropic case, the characteristic equation reduces to
The six roots of (42) are
for ql 0 ≪ 1. The first two roots correspond to a very large penetration depth l p , much longer than the penetration depth in the case of an isotropic substrate:
The remaining roots correspond to a thin boundary layer of thickness δ ∼ l 0 /q ≪ 1/q near the top and bottom interfaces of the substrate, where the director field and deformation adjust from the bulk values to the values prescribed by the boundary conditions.
We can obtain the length scale l p from a simple scaling argument. The soft elasticity of an ideal nematic liquid crystal elastomer implies that the shear stresses σ zx and σ xz vanish in our problem when the Frank constant is set to zero. For a nonzero Frank constant, the torque balance equation implies that σ zx ∼ µq 2 l 2 0 θ ≪ 1. On the other hand, the individual terms in the torque balance equation such as u xz , u zx , and θ, are not all small; therefore the dominant terms of the shear stress must balance each other. Assuming we consider a region of the elastomer far from the film, where the boundary layer terms have no effect, the rate of variation in the x direction is q, and the rate of variation in the z direction is 1/l p . Balancing the dominant terms u zx and θ of the shear stress yields θ ∼ qu z . (To see that the term u xz is subdominant, use incompressibility qu x ∼ u z /l p and ql p ≫ 1.) On the other hand, the balance of z forces,
Therefore, the penetration depth is given by
Limit of a very thick substrate
To clearly identify how the different length scales 1/q, l p , and δ enter the solution, we first consider the case of a very thick substrate, qd ≫ 1. In this case the boundary conditions are
with u α and θ vanishing at z → −∞. We assume zero shear stress at the interface between the nematic elastomer substrate and the film. The approximation of zero shear stress at the film-substrate interface is common in studies of wrinkling [16] . Using these boundary conditions to determine Ψ and Θ, and then expanding the resulting coefficients to leading order in ql 0 leads to
Note the form of the stream function ψ. The second term of (51) has a small amplitude and rapid decay compared to the the first term. However, we cannot neglect it relative to the first term when computing the displacements and strains, since the rapid decay length offsets the small amplitude of the second term. In fact it is safest to calculate the displacements, strains, and angle field first, and then expand the coefficients to leading order in ql 0 .
Doing so and using the force balance equation ∂ i σ zi = 0 to calculate σ zz leads to
Thus, for a thick substrate, d ≫ 1/(q 2 l 0 ), the stiffness of the elastomer is
which is much softer than the isotropic stiffness, k ∼ Eq. As discussed in Sec. II B, the q 2 dependence of k through Eq. (44) implies that q c = 0. (Ultimately, the finite size of the film in the x direction will determine the critical wavenumber in this case.) Using the scalings of Eq. (15) yields
which is independent of the properties of the film. Alternately, since k ∝ q 2 at small q, we can get the critical stress directly from Eq. (8):
Although it may seem surprising that the critical stress diverges as h → 0, note that the critical compressive force per unit length remains finite.
Limit of a very thin substrate
When the substrate is thin, qd ≪ 1, then the penetration depth
When the penetration depth is much larger than the size of the substrate, we can disregard the Frank energy. Thus, the limit qd ≪ 1 is exactly the same as the case of an nematic elastomer in the absence of Frank energy, considered in Sec. III A.
Substrate of arbitrary thickness
Since the decay length l p can in principle be of order the thickness d of the substrate when ql 0 ≪ 1, we consider a substrate of finite thickness. Also we suppose that the director is parallel to the film-substrate interface and to the flat base of the substrate, so that in addition to the conditions (48-50) , we have
Calculating the displacements, angle field, strain, and stresses for small ql 0 (but not small 
FIG. 2. (Color online).
Compressive stress −σ0 as a function of wrinkle wavenumber q for an ideal nematic elastomer substrate with r = 1.68 (red dashed line), a semi-soft nematic elastomer substrate with r = 1.01 (blue dotted line), and an isotropic elastomer substrate with r = 1 (green solid line), all with a shear modulus µ = 0.24 MPa and a polystyrene film with thickness h = 100 nm and stiffness Es = 3.5 GPa. For each curve, the critical stress σc corresponds to the minimum at qc; the critical stress for the nematic elastomer substrate is much smaller than for the isotropic elastomer substrate.
Thus, wrinkles of wavenumber q first form when the compression attains the value [recall Eq. (8)], Figure 2 shows the compressive stress σ 0 required to form wrinkles of wavenumber q for a nematic elastomer substrate with r = 1.68, and, for comparison, an isotropic elastomer substrate and a semi-soft nematic elastomer substrate (discussed below in Sec. III C) with r = 1.01. The first wrinkles that form as the compression increases from zero is given by the critical wavenumber q c that minimizes −σ 0 (q), namely
with a corresponding critical stress of Note that our expression properly recovers the limits discussed in the preceding subsections, Eq. (56) and q c = 0 for large d, and Eqs. (35) and (36) for small d. Also, note that when the stress is above the critical stress, there is a bifurcation and there are two modes of buckling, a short wavelength mode and a long wavelength mode. The wavelength of the short-wavelength mode changes slowly with stress. On the other hand, the wavelength of the long-wavelength mode changes rapidly with stress, which sometimes makes it hard to observe, although it has been seen experimentally [21] [22] [23] and in computations [22, 23] of wrinkling on isotropic substrates.
C. The limit of vanishing anisotropy
The results described above do not approach the isotropic case when r → 1 since the transition from nematic to the isotropic phase of the elastomer is discontinuous. However, if the ideal nature of the elastomer is spoiled by fluctuations in the composition of the chains, then soft elasticity is replaced by semi-soft elasticity [12] . When semi-softness is accounted for and r is near unity, the second term on the right-hand side of Eq. (19) dominates the expression for the modulus D 1 coupling director rotation and the local rotation of the polymer matrix. Frank elasticity can be ignored in this case since K goes as (r − 1) 2 , and therefore the decay length of the deformations will be of order 1/q, just as for an isotropic substrate. Since qd ≫ 1, we can assume that the substrate has infinite thickness. Using the boundary conditions (51-52) we find to leading order in (r − 1)
and a = a 1 + (r − 1)/r. Note that C 1 = 1 when r − 1. When r is close to unity, the critical stress and wavenumber are the same as in the case of an isotropic elastomer substrate, except the modulus E is replaced by C 1 E (see Fig. 2 ). Table I summarizes the critical compressive stress and critical wavenumber for the different cases we consider in this article. In all cases, the substrate is incompressible. To see what case best describes the experiments of Agrawal and collaborators [10] , we calculate the penetration depth l p using Eq. (44) for the experimental parameters quoted above (µ = 0.24 MPa, E f = 3.5 GPa, κ = 10 −11 N) assuming the film is incompressible (ν f = 1/2) and using a typical value of the steplength anisotropy parameter r = 1.7. For the thinnest films considered, h = 30 nm, we find that the penetration depth corresponding to q c [see Eq.( 62)] is l p ≈ 1.3 mm, which is about three times the substrate thickness used, d = 360 µm. When h = 100 nm, the penetration depth is about 25 times the substrate thickness. Therefore, for all but the thinnest films we may use the small d limit (last row of Table I ) for the critical wavelength and stress that develops upon heating the system, 
IV. DISCUSSION
This critical stress is much less than the critical stress for an isotropic elastomer with the same material parameters since h ≪ d. Note however that cooling the system leads to wrinkles with crests parallel to the nematic directors. In this situation, the elastomer behaves as an isotropic rubber when responding to the wrinkled film; therefore the critical stress is predicted to be highly anisotropic, with different values for heating and cooling. We can also calculate the typical compressive stress used in the experiments. The different rates of expansion α f and α of the film and the substrate, respectively, lead to a compressive stress of
The coefficient of thermal expansion for the nematic elastomer substrate is calculated from [12] 
where λ m = 3 r/r 0 , and r 0 and r are the initial and final values of the step length anisotropic ratio. The step length anisotropic ratios r 0 and r can be calculated from the values of ℓ and ℓ ⊥ extracted from the 7 Pa. Thus, in the experiments [10] the typical compressive stresses are large compared to the critical stress, and well in the regime where the dependence of the stress on the wrinkling wavenumber is the same for the isotropic and nematic elastomers (see Fig. 2 ).
V. CONCLUSION
We have studied the wrinkling of a thin film on a soft nematic elastomer substrate, and found that when the wrinkles are perpendicular to the director in the elastomer, the critical compressive stress is much less that that for an isotropic elastomer. As a consequence of the soft elasticity of nematic elastomers, the deformation accompanying the wrinkles penetrates deep into the elastomer. This penetration depth is so long that for film thicknesses greater that a few tens of nanometers, a substrate of a few hundred microns can be considered thin enough that the deformation penetrates all the way though the substrate. Our work has been limited to small amplitude wrinkles and the calculation of the critical stress and wrinkling wavenumber. A natural extension would be to study wrinkling patterns for large deformation, and also to allow the directors to tilt out of the plane perpendicular to the wrinkles. It would be interesting to study the effect of soft elasticity on related large-amplitude phenomena such as the formation of multi-mode wrinkle clusters and creases [23] .
